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In this note we give a presentation of special rank one groups
with abelian unipotent subgroups (abbreviated AUS), depending
on some algebraic structure K , and then show that each special
rank one group with AUS is a center-factor-group of a so presented
group. As shown in [T. De Medts, R. Weiss, Moufang sets and Jor-
dan division algebras, Math. Ann. 335 (2006) 415–433] one exam-
ple of such an algebraic structure is unital quadratic Jordan Division
Algebras. In subsequent work my student Sebastian Weiß studied
these structures, called R-structures, systematically and showed,
among other things, that the problem of classifying such special
rank one groups with AUS is equivalent to the classiﬁcation of
these R-structures up to Isotopy.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
A group X generated by two distinct nilpotent subgroups A and B such that
(∗) for each a ∈ A# there exists a b ∈ B# satisfying Ab = Ba and vice versa
is called a rank one group. The rank one group X is said to be special if ab = b−a for all a ∈ A#, b ∈ B#
satisfying (∗). If A is abelian, we say that X has abelian unipotent subgroups, abbreviated AUS. The
elementary theory of rank one groups has been developed in [Ti1, I], on which we rely in this paper.
It grew out of the theory of abstract root-subgroups and quadratic action developed in [Ti2].
It is shown in [Ti1, I(1.3)] that the notion of a rank one group is equivalent to the notion of a group
with a split BN-pair of rank one. Hence all algebraic groups of relative rank one and classical groups of
Witt-index one are rank one groups. Moreover rank one groups X with Z(X) = 1 are equivalent to the
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(Tits does not require that A is nilpotent.) In particular special rank one groups X with AUS and
Z(X) = 1 are equivalent to the special Moufang sets with AUS considered in [DMW], in which for
each unital quadratic Jordan Division Algebra J a special Moufang set with AUS is constructed which
is parametrized by J . A partial converse of this has been proved in a series of papers by Tom De
Medts, Yoav Segev, R. Weiss and K. Tent [DMW,DMS,SW,DMST].
In this note we introduce an algebraic structure K more general than J and show that for each
such structure there exists a special rank one group with AUS deﬁned by some sort of Steinberg pre-
sentation, where the algebraic structure plays the role of a coeﬃcient domain. The non-disappearance
of this group is proved by constructing a doubly transitive permutation representation. Moreover we
show that each special rank one group with AUS is a center-factor-group of a so presented group. It
can be shown that our algebraic structure is equivalent to the (U , τ )-structure of [DMW], but for the
purpose of constructing a group by generators and relations, it seems to me more suitable.
Of course now the question arises: What are the possible structures K? This question has been
studied by my student S. Weiß systematically in his diploma-thesis [W]. For example he introduced
the notion of Isotopy of these so called R-structures and showed that the (universal) special rank one
groups are isomorphic if and only if the corresponding R-structures are isotopic. He also obtained
criteria for an R-structure to be isotopic to a unital quadratic Jordan Division Algebra. Unfortunately
no new R-structures (not isotopic to a quadratic Jordan Division Algebra) have been discovered, which
has been the original purpose of this project.
2. The presentation
The purpose of this section is to prove the following:
(2.1) Theorem. Let K be an additive abelian group and suppose that for each t ∈ K# an automorphism ft of
K is given satisfying:
(1) The map X : t → ft(t) is a bijection from K# onto K# .
(2) X 2 = id.
(3) X (−x) = −X (x) for each x ∈ K# .
(4) For all x = y ∈ K# the following ‘Hua-identity’ is satisﬁed:
(∗) fx(y) =
[
x+ (y−1 − x−1)−1]−1 − x−1,
where z−1 = −X (z) for z ∈ K# .
Let Y be the group generated by elements a(c),b(c), c ∈ K subject to the following relations:
(i) a(c)a(d) = a(c + d),b(c)b(d) = b(c + d) for c,d ∈ K .
(ii) a(c)n(t) = b( ft(c)) for c ∈ K and t ∈ K#; where n(t) = a(−t)b(t−1)a(−t) (t−1 = −X (t)!).
Then Y is a special rank one group with the abelian unipotent subgroups A = {a(c) | c ∈ K }  K and B =
{b(c) | c ∈ K }.
Proof. The proof depends on Lemma (2.3) of [Ti3], in which it was shown that under condition (1)
alone either Y is a special rank one group or A = B . Thus it suﬃces to show that the conditions
(2)–(4) imply that Y has a doubly transitive permutation representation on Ω = K ∪ {∞} such that A
stabilizes ∞ and acts transitively on Ω\{∞} and B stabilizes 0 and acts transitively on Ω\{0}. To do
this we deﬁne an action of the elements a(c), b(c) on Ω and show that the relations (i) and (ii) are
satisﬁed in this action.
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calculations with Ω we use the following rules:
(+) 0−1 = ∞, ∞−1 = 0 and ∞ + x = ∞ for all x ∈ K .
We ﬁrst extend the deﬁnition of ft to Ω by
(5) ft(∞) = ∞ for all t ∈ K#.
Notice that by (5) and (+) the ‘Hua-identity’ extends to arbitrary y ∈ Ω . Namely if x ∈ K#, then:
−x−1 =X (x) = fx(x) =
[
x+ 0−1]−1 − x−1 = ∞−1 − x−1 = −x−1.
For y = ∞ we obtain:
fx(∞) =
[
x+ (∞−1 − x−1)−1]−1 − x−1 = [x+ (0− x−1)−1]−1 − x−1
= [x− x]−1 − x−1 = 0−1 − x−1 = ∞,
since the conditions (2) and (3) imply:
(6) (−x)−1 = −x−1, (x−1)−1 = x and (−x−1)−1 = −x.
Next we show that the ‘Hua-identity’ implies:
(7) f−x(y) = fx(y) for all x ∈ K# and y ∈ Ω.
To prove (7) we may assume that x = y = −x. Then by (4)(∗):
f−x(y) =
[−x+ (y−1 + x−1)−1]−1 + x−1 by (6)
= [−x+ (−(−y)−1 + x−1)−1]−1 + x−1
= −{[x+ ((−y)−1 − x−1)−1]−1 − x−1}= − fx(−y)
= fx(y)
by (6) and since fx is an automorphism of K .
Let S = Sym(Ω). We now deﬁne an action of the elements a(c), b(c) on Ω by:
λa(c) := λ + c,
λb(c) := (λ−1 + c)−1 for λ ∈ Ω and c ∈ K .
Then ∞a(c) = ∞ + c = ∞ and λa(c)a(d) = λa(c+d) . Hence all a(c) are permutations of Ω contained
in S∞ and A can be considered as subgroup of S∞ . We need to show
(8) All b(c), c ∈ K are permutations of Ω contained in S0. Further λb(c)b(d) = λb(c+d) for all λ ∈ Ω;
c,d ∈ K .
λb(c) = μb(c) implies (λ−1 + c)−1 = (μ−1 + c)−1. Now with the rule 0−1 = ∞, ∞−1 = 0, the inversion
map is a bijection of Ω . Hence λ−1 + c = μ−1 + c. If now λ = 0, then λ−1 + c = ∞ and whence
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Thus the b(c), c ∈ K are permutations of Ω and, since
0b(c) = (0−1 + c)−1 = (∞ + c)−1 = ∞−1 = 0,
they are all contained in S0.
It remains to show λb(c)b(d) = λb(c+d) for all λ ∈ Ω , c,d ∈ K . By deﬁnition
λb(c)b(d) = ((λ−1 + c)−1)b(d) = (λ−1 + c + d)−1 = λb(c+d).
We have shown that the elements a(c), b(c) satisfy the relations (i) of (2.1) in their action on Ω . It
remains to show that they also satisfy (ii) in the action on Ω . Now (ii) is equivalent to
a(c)a(−t)b(t−1)a(−t) = a(−t)b(t−1)a(−t)b( ft(c)).
Since a(c) commutes with a(−t), this equation is equivalent to
(∗∗) a(c)b(t−1)a(−t) = b(t−1)a(−t)b( ft(c)).
Thus it suﬃces to show
(9) (∗∗) holds in the action on Ω; i.e. for each λ ∈ Ω , c ∈ K and t ∈ K# we have:
(+) λa(c)b(t−1)a(−t) = λb(t−1)a(−t)b( ft (c)) .
Clearly (+) holds for λ = ∞. If λ = 0 it holds because of ft(c) = f−t(c) by (7) and the ‘Hua-
identity’.
Thus it remains to show that (+) holds for λ ∈ K#. We have
λa(c)b(t
−1)a(−t) = [(λ + c)−1 + t−1]−1 − t = ( f−t(λ + c) − t−1)−1
= ( ft(λ) + ft(c) − t−1)−1
by (4), (7) and since ft is an automorphism. On the other hand
λb(t
−1)a(−t)b( ft (c)) = ((λ−1 + t−1)−1 − t)b( ft (cc))
= [((λ−1 + t−1)−1 − t)−1 + ft(c)]−1.
Thus it remains to show
((




λ−1 + t−1)−1 − t]−1 + t−1.
But as ft(λ) = f−t(λ) by (7), this is exactly the ‘Hua-identity’. This proves (9) and (2.1). 
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(1)–(4) of (2.1), then we call the special rank one group given by (2.1) St2(K , ft), the Steinberg-group
with respect to K and the maps ft , t ∈ K#. (This notion is chosen, since the group is deﬁned by some
sort of Steinberg presentation.)
If Y = St2(K , ft) then we set PSL2(K , ft) := Y /Z(Y ). Notice that Y = Y /Z(Y ) acts faithfully and
doubly transitively on Ω := AY , which we can identify with K ∪ ∞. Hence by [Ti1, I(1.3)] Y together
with Ω is a Moufang set. Now by [Ti1, I(2.2)] the fact that Y is special is equivalent to
b
(
a(−t))= b(a(t))−1 for all t ∈ K#,
where b(a(t)) is the unique element of B# satisfying Ba(t) = Ab(a(t)) . Hence by Remark 3 of [DMW]
the Moufang set (Y ,Ω) is special as deﬁned in Deﬁnition (4.1) of [DMS]. Hence by Theorem 1 of
[DMST] the group PSL2(K , ft) is simple if |K | > 3. (In the other cases it is isomorphic to PSL2(2) or
PSL2(3).)
3. The classiﬁcation
Let in this section X = 〈A, B〉 be a special rank one group with AUS. Let K be an additive abelian
group isomorphic to A, such that we can label the elements of A by a(c), c ∈ K such that the relations
a(c)a(d) = a(c + d) for c,d ∈ K
hold. By [Ti1, I(5.2)] K is a vector space over a prime ﬁeld Zp of Q. As in (2.2) the group X = X/Z(X)
together with Ω = AX is a special Moufang set. For t ∈ K# set
n(t) = a(−t)b(a(t))a(−t),
where b(a(t)) is as in (2.2). Then by [Ti1, I(2.7)] we have
An(t) = B, Bn(t) = A and a(t)n(t) = b(a(−t))= b(a(t))−1
and b(a(t))n(t) = a(−t). By [DMS, (3.2)] the n(t) are the μ-maps of [DMS], so that by (5.1) of [DMS]
we have n(t)2 = 1 for each t ∈ K#, i.e. n(t)2 ∈ Z(X). (− is the natural homomorphism X → X .)
For convenience of the reader we repeat the deﬁnition of the universal rank one extension of
[Ti3, (2.5)]. A rank one group X = 〈A, B〉 together with an epimorphism σ : X → X, σ : A → A and
σ : B → B is a rank one extension of X . Notice that by [Ti1, I(1.10)] rank one extensions are central.
A rank one extension ( X̂, τ ) of X , X̂ = 〈 Â, B̂〉 is called a universal rank one extension of X , iff for each
rank one extension (X, σ ) of X , there exists a homomorphism ϕ : X̂ → X with σϕ = τ and ϕ( Â) = A,
ϕ(B̂) = B . Notice that by [Ti3, (2.5)] universal rank one extensions are unique up to isomorphism.
With all of this notation we can formulate our
(3.1) Theorem. Let X = 〈A, B〉 be a special rank one group with AUS and let K be as above. Fix an element





Then the following hold:
(1) ft ∈ Aut(K ) satisﬁes conditions (1)–(4) of (2.1) for each t ∈ K# .
(2) St2(K , ft) is together with the natural homomorphism the universal rank one extension of X .
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(3.2) Corollary. Let (G,Ω) be a special Moufang set with AUS. Then there exists a vectorspace K over a prime
ﬁeld Zp or Q together with automorphisms ft of K , t ∈ K# satisfying (1)–(4) of (2.1), such that G is (canoni-
cally) isomorphic to PSL2(K , ft).
Proof. The proof relies on Lemma (2.4) and Proposition (2.6) of [Ti3]. (The notation in (2.4) of [Ti3]
is unlucky. To obtain the usual notation in case a(c) ↔ ( 1c 1 ), b(c) ↔ ( 1 c1 ) and w ↔ ( 1 −1 ) we should
have set b(−c) := a(c)w . Then it is clear that ft ∈ Aut(K ) ( ft deﬁned as in [Ti3, (2.4)] by b( ft(c)) :=




)−1 = a(t)n(t) = b( ft(t)),
it follows that b(a(t)) = b(− ft(t)), which shows that also with this notation (2.4) of [Ti3] holds.) By
these results we know already that ft ∈ Aut(K ) for t ∈ K#, the map X : t → ft(t) is a bijection of K#
onto K# and that St2(K , ft) together with the natural projection is the universal rank one extension
of X . Thus it remains to show that the properties (2)–(4) of (2.1) are satisﬁed. We ﬁrst show
(3) X (−t) = −X (t) for t ∈ K#.
Since X is special we have b(a(t))−1 = b(a(−t)) as in (2.2). Hence n(−t) = n(t)−1 and thus n(t) ≡
n(−t) mod Z(X). This implies
b
(−X (t)) = b(X (t))−1 = (a(t)n(t))−1 = a(−t)n(−t) = b(X (−t))
and (3) holds.
Next we show
(2) X 2 = id.
Since w2 ∈ Z(X) we have
a
(X (t))= b(X (t))w = a(t)n(t)w for each t ∈ K#.
Hence
a
(X 2(t))= a(X (t))n(X (t))w = a(t)n(t)wn(X (t))w
and
n
(X (t))= a(−X (t))b(a(X (t)))a(−X (t))
= a(−t)n(t)wb(a(t))n(t)wa(−t)n(t)w = n(t)n(t)w
= n(t)w ,
since b(a(t))n(t)w = b(a(t)n(t)w ) = b(a(X (t))) by deﬁnition of b(a(x)) for x ∈ K# and since n(t)w ∈
NX (A) ∩ NX (B). This shows
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(X 2(t))= a(t)n(t)wn(t)w w = a(t),
since w2 and n(t)2 ∈ Z(X), which proves (2).
It remains to show that ft satisﬁes the Hua-identity (4)(∗). To prove this identity we identify
Ω = AX = AB ∪ {A} with K ∪ {∞} by: 0 ↔ B , ∞ ↔ A and c ↔ Ba(c) for c ∈ K#. Thus A acts on
K ∪ {∞} by:
da(c) ↔ Ba(d)a(c) = Ba(c+d) ↔ d + c for c,d ∈ K ,
and ∞a(c) = ∞.
The action of B is given by
0b(c) ↔ Bb(c) = B ↔ 0,
∞b(t−1) = ∞b(−X (t)) = ∞b(X (−t)) ↔ Ab(X (−t)) = Aa(−t)n(−t)
= Aa(−t)n(t) = Ab(a(t)) by [Ti1, I(2.7)]
= Ba(t) by the rank one equality
↔ t.
Since (t−1)−1 = t by (3) this implies:
(5) ∞b(t) = t−1 for all t ∈ K#.
Moreover, for c ∈ K#, we have:
cb(t





)= a(−c)n(−c) = b( f−c(−c))= b(X (−c))= b(−X (c))
= b(c−1)
by (3) and deﬁnition of t−1. Hence
cb(t
−1) ↔ Ab(c−1)b(t−1) = Ab(c−1+t−1) ↔ ∞b(c−1+t−1)
= (c−1 + t−1)−1 (with the convention 0−1 = ∞)
and thus
(6) cb(t) = (c−1 + t)−1 for all c, t ∈ K# with the convention 0−1 = ∞.




)= a(c)n(t) = a(c)a(−t)b(a(t))a(−t)
= a(c)a(−t)a(−t)n(−t)a(−t) by (∗∗) and n(t) ≡ n(−t) mod Z(X)
= a(c)a(−t)b(X (−t))a(−t) = a(c)a(−t)b(t−1)a(−t)
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a(−t)b(t−1)a(−t)b( ft(c))= a(c)a(−t)b(t−1)a(−t)
which in turn is equivalent to:
(7) b(t−1)a(−t)b( ft(c)) = a(c)b(t−1)a(−t).
Now, applying both sides of (7) to 0 ∈ K we obtain:
0a(c)b(t
−1)a(−t) = cb(t−1)a(−t) = (c−1 + t−1)−1 − t,
0b(t
−1)a(−t)b( ft (c)) = (−t)b( ft (c)) = ( ft(c) − t−1)−1,
since (−t)−1 = −t−1. Hence we obtain the equation:
(8) ft(c) = [(c−1 + t−1)−1 − t]−1 + t−1 for all c, t ∈ K# (again with the convention 0−1 = ∞!).
Since n(t) ≡ n(−t) mod Z(X) we have ft = f−t for t ∈ K#. Thus, replacing t by −t in (8), we
obtain
ft(c) = f−t(c) =
[(
c−1 − t−1)−1 + t]− t−1,
which is the Hua-identity (2.1)(4)(∗). This proves (3.1). 
(3.3) Remark. (3.2) also follows from Main Theorem 3.2 of [DMW] and the fact that ft = −h−1t , where
ht is the Hua map of Deﬁnition 2 of [DMW], which in turn follows from 3.3 of [DMW].
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